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Abstract
We provide a structural characterization of all continua X whose hyperspace C(X) of all
subcontinua is the countable union of Peano continua. Applying this result we prove that there exists
a uniformly path connected continuum X with no continuous mapping from C(X) onto X. Ó 1999
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Local connectedness of compacta is one of the most studied and well-known invariants
with respect to the class of continuous mappings. This property naturally leads to another
continuous invariant of compacta. Namely, we say that a metric space X is σ -locally
connected, provided X is the countable union of its closed locally connected subsets.
Though the class of all σ -locally connected compacta is very natural, it has not been
investigated extensively.
Among the fundamental properties of locally connected continua there is one saying that
a continuum X is locally connected if and only if its hyperspace C(X) of all nonempty
subcontinua is locally connected [3,7,6]. In the paper we observe that if a continuum X is
σ -locally connected, then so is its hyperspace C(X). However, the converse implication
in general does not hold true. We provide a characterization of all compacta X whose
hyperspace C(X) is σ -locally connected. To formulate this characterization we introduce
the following notions.
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We say that a subspace Y of a space X is relatively locally connected (abbr. r.l.c.) in X
provided for any p ∈ Y and for any neighborhood U of p in X there is a connected set K
contained in U (not necessarily in Y ) such that K ∩ Y is a neighborhood (not necessarily
open) of p in Y . Further, a space X is said to be σ -relatively locally connected (abbr.
σ -r.l.c.) providedX is the countable union of its closed r.l.c. subsets.
Continua X having σ -locally connected hyperspace C(X) are characterized as exactly
σ -r.l.c. continua. We also prove that for any continuum X the hyperspace C(X) is σ -r.l.c.
if and only if X is σ -r.l.c. Moreover, we show that σ -r.l.c. is a Whitney property for C(X).
Thus, in a sense, the property of being σ -r.l.c. is even more regular than that of being
σ -locally connected.
We apply this result and recall the construction from [1] to show that there exists a
continuum X which is uniformly path connected (see below for the definition) and admits
no continuous mapping from C(X) onto X. (Obviously, continua admitting such a map
have to be uniformly path connected.) We end the paper with some related questions.
Spaces are assumed to be metric in this paper. The symbol N stands for the set of all
positive integers. If X is a space, we will denote: the space of all closed nonempty subsets
of X by 2X; the space of all nonempty subcontinua of X by C(X); the Hausdorff distance
between A,B ∈ 2X by dH (A,B); the Hausdorff distance between A,B ∈ C(C(X)) by
dH 2(A,B); the diameter of a set A ⊂ X by diamA; the diameter of a set A ⊂ C(X) by
diamH A.
A continuum X is said to be uniformly path connected provided there exists a family F
of paths in X (i.e., continuous mappings from [0,1] into X) such that
(a) for any pair x, y ∈X there is a path f ∈F joining x with y , and
(b) for any ε > 0 there is a positive integer n such that for each f ∈F there are numbers
t0 = 0< t1 < t2 < · · ·< tn = 1 such that diamf ([ti−1, ti])6 ε for i = 1,2, . . . , n.
To prove the announced characterization we introduce an operator pia acting on the
family of all subsets of C(X).
Given a continuumX denote by ω a fixed Whitney map from C(X) into [0,∞). For any
subset K⊂ C(X) and any a ∈ [0,ω(X)], define
pia(K)=
{
L ∈ ω−1(a): there exists a K ∈K such that L⊂K or K ⊂ L}.
Observe that for any family {Kτ }τ∈T of subsets Kτ ⊂ C(X) we have
pia
(⋃
{Kτ : τ ∈ T }
)
=
⋃{
pia(Kτ ): τ ∈ T
}
. (1)
Next notice that
for any subset K⊂ ω−1(a) we have pia(K)=K. (2)
We will show the following properties of the function pia .
If K⊂ C(X) is closed, then pia(K) is closed in ω−1(a). (3)
If K ∈ C(X), then pia({K}) is a continuum in ω−1(a). (4)
If K⊂ C(X) is a continuum, then pia(K) is a continuum. (5)
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To prove (3), assume that K is closed in C(X). Let Ln for n ∈ N be any sequence of
elements of pia(K) convergent to someL0. Since ω−1(a) is compact we have L0 ∈ ω−1(a).
By the definition of pia , for each n = 1,2, . . . there is Kn ∈ K such that Ln ⊂ Kn or
Kn ⊂ Ln. For simplicity, using compactness of K, assume that Kn converges to some
K0 ∈K. Now, it suffices to consider two cases, either Ln ⊂Kn for infinitely many n ∈N ,
or Kn ⊂ Ln for infinitely many n ∈ {1,2, . . .}. We have L0 ⊂ K0 in the first case, and
K0 ⊂ L0 in the second one. Thus L0 ∈ pia({K0})⊂ pia(K), and we have that the set pia(K)
is closed. 2
In the proof of (4) we will use the following lemma (see [4, (14.8.1)]).
Lemma 1. Let X be any continuum and let 0 < t0 < ω(X). If A,B ∈ ω−1(t0) such that
A∩B 6= ∅ and A 6= B , then there is an arc
α ⊂ ω−1(t0)∩C(A∪B)
such that α has end points A and B .
To prove (4), take any K ∈ C(X) and consider two cases. The first pia({K}) = {L ∈
ω−1(a): L⊂K}, and the other pia({K})= {L ∈ ω−1(a): K ⊂ L}. In the first case observe
that the map ω1 = ω|C(K) :C(K)→[0,ω(K)] is a Whitney map and we have pia({K})=
ω−11 (a). Since the property of being a continuum is a Whitney property [4, (14.2)], then
pia({K}) is a continuum. In the second case, applying Lemma 1 one can observe that
pia({K}) is even arcwise connected. Thus, in view of (3), the proof is completed. 2
To show (5), let K ⊂ C(X) be any continuum in C(X). By (3) it suffices to show that
pia(K) is connected. Suppose, on the contrary, that pia(K) =Q1 ∪Q2 where Q1, Q2 are
two disjoint, nonempty and closed subsets of ω−1(a). By (4), for anyK ∈K we have either
pia({K})⊂Q1, or pia({K})⊂Q2. Observe that, by (1),
pia(K)=
⋃{
pia({K}): K ∈K
}
and let Ki = {K ∈K: pia({K})⊂Qi} for i ∈ {1,2}. Thus pia(Ki )=Qi for i ∈ {1,2} and
K1 ∪K2 =K. By connectedness of K, we have either clK1 ∩K2 6= ∅ or clK2 ∩K1 6= ∅.
Assume clK1 ∩K2 6= ∅ (the other case is similar), i.e., assume that there exists a sequence
{Kn} contained in K1 such that Kn → K0 for some K0 ∈ K2. For each Kn there is
Ln ∈ pia(K1) = Q1 such that Kn ⊂ Ln or Ln ⊂ Kn. Since Q1 is compact, we can
suppose that Ln converges to L0 ∈ Q1. We have K0 ⊂ L0 in the case when Kn ⊂ Ln
for infinitely many n ∈N , and L0 ⊂K0, when Ln ⊂Kn for infinitely many n ∈N . Thus
L0 ∈ pia({K0})⊂ pia(K2)=Q2. So, we have L0 ∈Q1 ∩Q2 = ∅, a contradiction. 2
Now we show the following uniform property of function pia .
For any ε > 0 there exists a δ > 0 such that
for anyK ∈ C(X) and anyQ ∈ ω−1(a),
if dH (K,Q) < δ then dH 2(pia({K}), {Q}) < ε. (6)
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Suppose, on the contrary, that there is an ε > 0 such that for each n ∈N there are Kn ∈
C(X) and Qn ∈ ω−1(a) such that dH (Kn,Qn) < 1n and dH 2(pia({Kn}), {Qn}) > ε. Take
a sequence Ln for n ∈N such that Ln ∈ pia({Kn}) and dH (Ln,Qn)> ε. By compactness
of ω−1(a), we can assume that Qn converges to some Q0 ∈ ω−1(a) and Ln to some
L0 ∈ ω−1(a). So, dH (L0,Q0) > ε and Kn converges to Q0. By the definition of pia we
have Ln ⊂ Kn or Kn ⊂ Ln for n ∈ N . Thus, we have either L0 ⊂ Q0, if Ln ⊂ Kn for
infinitely many n, or Q0 ⊂ L0, if Kn ⊂ Ln for infinitely many n. Since Q0,L0 ∈ ω−1(a),
then, by the definition of the Whitney map, we have Q0 = L0, a contradiction. 2
By (3), we may consider the following restriction pi∗a : 2C(X)→ 2ω−1(a) of the function
pia , i.e., pi∗a (K)= pia(K) for K ∈ 2C(X).
In general, the function pi∗a need not be continuous. However, applying (6) we will show
that
the function pi∗a is continuous at any element K of 2ω
−1(a). (7)
To prove (7), fix an ε > 0 and take a δ > 0 as in (6). Let K0 ∈ 2ω−1(a) and K ∈ 2C(X) be
such that dH 2(K0,K) < δ. Then for any K ∈K there is a K0 ∈ K0 with dH (K,K0) < δ.
Similarly for any K0 ∈K0 there is a K ∈K with dH (K,K0) < δ. In both cases, using (6),
we have dH 2(pi∗a ({K}), {K0}) < ε. Applying (1) we obtain
dH 2
(
pi∗a (K),K0
)= dH 2(⋃{pi∗a ({K}): K ∈K},⋃{{K0}: K0 ∈K0})< ε.
This ends the proof. 2
Now, we are ready to show the main result of the paper.
Theorem 2. For any continuum X the following conditions are equivalent:
(a) C(X) is σ -locally connected,
(b) X is σ -r.l.c.,
(c) C(X) is σ -r.l.c.,
(d) for any Whitney map ω :C(X)→ [0,∞), and any a ∈ [0,ω(X)] the Whitney level
ω−1(a), is σ -r.l.c.
Proof. We begin with proving of (b) ⇒ (a). Let An, n ∈ N , be a sequence of compact
r.l.c. sets such that
⋃
n∈N An =X. Define sets Bn = {B ∈C(X): B ∩An 6= ∅} for n ∈N .
Obviously
⋃
n∈N Bn = C(X). Since the An’s are compact, one can observe that so are the
Bn’s.
Now, fix an n ∈N . For any B ∈ Bn there is an order arc αB ⊂ Bn of continua with ends
B and X (see [4, (1.8), and (1.11)]). This implies that Bn is connected.
Note that to prove the local connectedness of Bn it suffices to show that
for any sequence {Lk} ⊂ Bn converging to some L0 ∈ Bn
there exist a subsequence Lkj and a sequence of continua Lj ⊂ Bn
such that L0,Lkj ∈ Lj and lim diamH Lj = 0. (8)
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To show (8) notice that each Lk intersects An ⊂ X, and we can take a sequence {pk}
with pk ∈ An ∩ Lk for k ∈ N . Using the compactness of An, we take a subsequence
{pkj } converging to some p0 ∈ L0 ∩ An. Since An is r.l.c. in X, there is a sequence
Zj of continua in X such that pkj ,p0 ∈ Zj and lim diam(Zj ) = 0. We define continua
Kj = L0 ∪ Zj ∪ Lkj . So, we have limdH (L0,Kj ) = 0 and limdH (Lkj ,Kj ) = 0. Then
there are two sequences {L′j }, {L′′j } of order arcs joining L0 with Kj , and Lkj with Kj ,
respectively, such that lim diamH L′j = lim diamH L′′j = 0. Notice that L′j ,L′′j ⊂ Bn. Thus,
(8) follows for Lj = L′j ∪L′′j . The proof of implication (b)⇒ (a) is complete.
Now, we will prove (c)⇒ (d). Let {Cn} be a sequence of compact r.l.c. subsets of
C(X) such that
⋃
n∈N Cn = C(X), and let a ∈ [0,ω(X)]. Define Dn = Cn ∩ ω−1(a)
and observe that Dn is compact for each n ∈ N . Since ⋃n∈N Cn = C(X), we have⋃
n∈N Dn = ω−1(a). It remains to show that Dn is r.l.c. in ω−1(a) for every n ∈N .
Fix an n ∈ N and observe that it suffices to show that for any sequence Lk in Dn
converging to some L0 ∈ Dn there are continua Lk ⊂ ω−1(a) such that Lk,L0 ∈ Lk and
lim diamH Lk = 0.
Since Dn ⊂ Cn and since Cn is compact and r.l.c. in C(X), it follows that there are
continua Kk ⊂ C(X) such that Lk,L0 ∈ Kk for k ∈ N and diamH (Kk)→ 0. Thus Kk
converges to {L0}. Applying (7), we see that sets pi∗a (Kk) converge to pi∗a ({L0}) = {L0}.
Hence diamH (pi∗a (Kk))→ 0. By (5) for each k ∈N the set Lk = pi∗a (Kk) is a continuum
in ω−1(a), and Lk,L0 ∈ Lk by (2). Implication (c)⇒ (d) is proved.
Implications (a)⇒ (c) and (d)⇒ (b) are obvious. 2
By Theorem 2 one can observe that if X is σ -locally connected, then so is C(X).
However, the converse need not necessarily hold true. To prove it, recall the construction
from [1].
Construction. LetZ, C stand for the set of all integers and for the Cantor set in the closed
interval [0,1], respectively. Denote by (an, bn) for n ∈ N , the components of [0,1] \ C,
and let G be the comb (C × [0,1])∪ ([0,1] × {1}).
For any n ∈ N take a subset Dn = {dnk : k ∈ Z} of (an, bn) satisfying the following
conditions:
lim
k→−∞d
n
k = an, lim
k→∞d
n
k = bn, dnk < dnk+1 for k ∈Z.
We put D = ⋃n∈N Dn. For any n ∈ N , any i ∈ {1, . . . ,2n}, and any k ∈ N define
the straight line segment A(n, i, k) with end points 〈dnk , i/2n〉, 〈dnk+1, (i − 1)/2n〉. The
constructed continuum P (see Fig. 1) is given by
P =G∪ (D × [0,1])∪⋃{A(n, i, k): n ∈N , i ∈ {1, . . . ,2n}, k ∈Z}.
The following properties of P will be used in the paper.
Property 3. Continuum P is uniformly path connected.
Property 4. Continuum P is not σ -locally connected.
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Fig. 1.
Property 5. For each sequence {pn} of points in the Cantor comb G converging to
a point p0 ∈ G there are continua Kn ⊂ P such that pn,p0 ∈ Kn, for n ∈ N , and
lim diam(Kn)= 0.
For the proof of Property 3 it suffices to take the following families of arcs
F1 =
{{x} × [0,1] ∪ [0, x] × {1}: x ∈ C ∪D},
F2 =
{
A(n, i, k)∪ {dnk } ×
[
i
2n
,1
]
∪ [0, dnk ] × {1}: 16 i 6 2n, k ∈Z, n ∈N
}
.
To see Property 4 observe that P contains an open subset with uncountably many arc
components, and, that this implies the conclusion. To see Property 5 use continua
B(n, i)= cl
(⋃{
A(n, i, k)∪A′(n, i, k): k ∈Z}),
where A′(n, i, k) = {dnk } × [(i − 1)/2n, i/2n], i 6 2n. For the detailed proofs see [1]
(Properties 1, 2 and 4, respectively).
Notice that, actually, Property 5 says that the Cantor comb G is r.l.c. in P . The
complement P \G is contained in the countable union of straight line segments used in
the construction of P . Therefore, P is a σ -r.l.c. continuum. Applying Theorem 2, we infer
that C(P) is σ -locally connected. Hence, by Properties 3, 4, we have the following.
Corollary 6. There exists a uniformly path connected, plane continuum X with σ -locally
connected hyperspace C(X) such that X is not σ -locally connected.
Since the property of σ -local connectedness is a continuous invariant, then, by the
previous result, the next corollary follows (comp. [4, (4.5)]).
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Corollary 7. There exists a uniformly path connected plane continuum X such that the
hyperspace C(X) admits no mapping onto X.
Let f :X→ Y be a continuous surjection between continua X,Y such that the induced
mapping C(f ) :C(X)→ C(Y ) is a surjection (such mappings f are said to be weakly
confluent). Observe that, in this setting, if C(X) is σ -locally connected, then so is C(Y ). It
is a natural question whether this last conclusion remains true if f is just continuous (not
necessarily weakly confluent, compare also Question 1 below). Now, applying Theorem 2,
we answer this question in the affirmative. In fact, notice that the property of being a σ -r.l.c.
continuum is a continuous invariant. This implies, by Theorem 2, the next corollary.
Corollary 8. If X is a continuum whose hyperspace C(X) is σ -locally connected and if
f :X→ Y is a continuous surjection, then C(Y ) is σ -locally connected. In other words,
among continua, the property of having a σ -locally connected hyperspace of subcontinua
is invariant under continuous surjections.
Final remarks. In this section we compare the investigated notions of σ -local connected-
ness and of σ -r.l.c. to local connectedness and to the following related property of being
the countable union of small connected sets (abbr. σ -s.c.).
We say that a metric space X is σ -s.c. provided for any ε > 0, X is the countable union
of connected sets, each of diameter smaller than ε.
The relation among properties of local connectedness, σ -local connectedness, σ -r.l.c.
and σ -s.c. is expressed by the following observations.
A continuumX is locally connected if and only if for any ε > 0, X is the finite union of
continua, each of diameter smaller than ε.
A continuum X is σ -locally connected (is σ -r.l.c.) if and only if for any ε > 0, X is
the countable union of locally connected continua (of closed r.l.c. subsets of X), each of
diameter smaller than ε.
Observe that we have the following inclusions between the respective classes of continua
{locally connected} ⊂ {σ -locally connected} ⊂ {σ -r.l.c.} ⊂ {σ -s.c.},
and that no two of these classes are equal. To prove that {σ -r.l.c.} 6= {σ -s.c.}, observe that
if a nonlocally connected continuum X is σ -r.l.c., then, by the Baire category theorem, X
has a dense open subset composed of points of local connectedness. On the other hand,
its countable product Xℵ0 contains a dense subset of points of nonlocal connectedness
and thus it belongs to {σ -s.c.} \ {σ -r.l.c.}. (One can also find a plane smooth dendroid in
{σ -s.c.} \ {σ -r.l.c.}.)
It is known that for any continuum X the following conditions are equivalent:
(a) X is locally connected,
(b) C(X) is locally connected,
(c) for any Whitney map ω :C(X)→ [0,ω(X)] and for any a ∈ [0,ω(X)] the set
ω−1(a) is locally connected (see [3, p. 171], and [4, (14.9)]).
In this paper we have proved that the analogous conditions are equivalent for the property
of being σ -r.l.c. (see Theorem 2) but not for σ -local connectedness (see Corollary 6).
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It is known that for any continuumX its hyperspaceC(X) has the property of containing
an open subset with uncountably many components if and only if X has the same property.
Indeed, one implication follows by [4, (1.44)]. Also the natural converse implication,
though unpublished [5], was announced in [4, Note, p. 251]. Observe that a continuum
X contains an open set with uncountably many components if and only if it is not σ -s.c.
Thus, we have the following theorem.
Theorem 9 (Nadler and Tymchatyn). For any continuum X hyperspace C(X) is σ -s.c. if
and only if X has the same property.
Now we will prove that the property of being a σ -s.c. continuum is a Whitney property.
Theorem 10. If C(X) is σ -s.c., then for any Whitney mapping ω :C(X)→ [0,∞), and
any a ∈ [0,ω(X)] the Whitney level ω−1(a), is σ -s.c.
Proof. Fix an ε > 0 and an a ∈ [0,ω(X)]. Using (6), take a δ > 0 such that for any K ∈
C(X) and any Q ∈ ω−1(a), inequality dH (K,Q) < δ implies dH 2(pi∗a ({K}), {Q}) < ε/4.
Let {An} be a sequence of continua with diameters <min{ε/2, δ} and such that⋃
n∈N
An = C(X).
Let {Ank } be a sequence of all {An} such that An ∩ ω−1(a) 6= ∅. For each k ∈N denote
Bk = pi∗a (Ank ). By (5) the sets Bk are connected. We have
⋃
k∈N Bk = ω−1(a), and,
diamH(Bk) < ε for each k. 2
By Theorems 9, 10 we have the following corollary
Corollary 11. For any continuum X the following conditions are equivalent:
(a) X is σ -s.c.,
(b) C(X) is σ -s.c.,
(c) for any Whitney map ω :C(X)→ [0,∞), and any a ∈ [0,ω(X)] the Whitney level
ω−1(a), is σ -s.c.
Remark 1. Observe that from the point of view of properties investigated in this paper the
case of the hyperspace 2X of a continuum X is, in a sense, trivial. In fact, in view of [4,
(1.92), and (1.38)], one can verify that for any continuum X the following conditions are
equivalent:
(a) X is locally connected,
(b) 2X is locally connected,
(c) 2X is σ -locally connected,
(d) 2X is σ -r.l.c.,
(e) 2X is σ -s.c.
Finally, let us formulate the three following questions closely related to the results of the
paper.
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Question 1. If f :X→ Y is a continuous surjection between continua, does there exist a
continuous surjection g :C(X)→ C(Y )?
Question 2. Does there exist a continuum X with no continuous surjection from X onto
C(X)? (Compare [4, (4.6)].)
Question 3. Given a continuum X, does there exist a continuous surjection f :C(X)→
C(C(X))?
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